We discuss the properties of pure multipole beams with well-defined handedness or helicity, with the beam field a simultaneous eigenvector of the squared total angular momentum and its 
"Gaussian beams" are the most typical beams employed in optical manipulation [1] because most lasers emit light beams whose transverse electric fields and intensity distributions are well approximated by Gaussian functions. However, after focusing, when the half width of the beam waist is comparable to the wavelength, λ, the exact solution of Maxwell's equations predicts significant deviations from the Gaussian shape, only valid in the paraxial scalar approximation (Gaussian approximation can be give accurate results only when the half width of the beam waist is greater than ∼ 10λ) [2] .
A rigorous description of focal and scattered fields, usually based on the multipolar expansion of the field in terms of electric and magnetic multipoles, is needed for an accurate and quantitative discussion of field intensities, polarization and optical forces near the focal region of a focused beam [3] [4] [5] [6] [7] . A correct multipolar description of the light field is also relevant to analyze optical angular momentum (AM) phenomena [8, 9] , including the interplay between spin (SAM) and orbital (OAM) angular momenta in the focal volume of tightly focused beams [10, 11] as well as to understand the spectral response and optical torques on small objects: Illumination with a tightly focused beam can only excite particle multipolar modes which are already present in the incident beam [12, 13] . As a recent example, the strong size selectivity in optical printing of Silicon particles has been associated to the dominant contribution of dipolar modes of the tightly focused laser beam [14] .
In many optical applications, where one wishes to maximize the electric energy density and/or minimize the cross-polarization, a converging electric-dipole wave is the natural choice as the incident wave [15] [16] [17] [18] [19] . since higher order multipoles vanish at the focal point.
In the so-called 4π illumination (when the incident light can cover the full solid angle), the highest energy density for a given incoming power for monochromatic beams is attained when the beam is a perfect converging dipolar beam [15] . However, for propagating beams where the incident angles are limited to a hemisphere (i.e. 2π illumination -0 ≤ ϕ ≤ 2π and π/2 < θ ≤ π for a beam propagating along the z axis) the properties of the dipolar beam in the focal region can be very different, although the total energy density at the focus can still be more than half of the maximum possible [16] . The vector properties of the light strongly affect the field polarization and intensity distribution near the focus of tightly focused vector beams [20, 21] Our main goal here is to explore the field properties of propagating spherical multipole beams within a framework based on helicity, angular momentum and symmetry [22] .
To this end, we consider pure multipole beams (PMB) with well-defined handedness or helicity, σ = ±1 (we associate left polarized light with σ = +1 positive helicity -handness-), being simultaneous eigenvectors of the squared total angular momentum, J 2 , and its zcomponent, J z , with eigenvalues l = 1, 2, . . . and m = −l, −l + 1, . . . l − 1, l, respectively.
For a beam propagating along the z-axis, the radial component of the Poynting vector far from the focus is assumed to be always negative for incoming light (π/2 ≤ θ ≤ π) and always positive for outgoing (0 ≤ θ < π/2). As we will see, this condition of hemispherical illumination restricts the possible propagating multipole beams to the so-called "sectoral" multipoles with m = σl. Figure 1 illustrates two examples of sectoral and non-sectoral beams. Interestingly, for l > 1, sectoral PMBs are vortex beams whose field vanishes on the propagation axis with a vortex topological charge of σ(l − 1). In contrast, dipole beams with well defined helicity (l = 1, m = σ) concentrate the field at the focus with an energy density that is 2/3 times the Bassett upper bound of passive energy concentration [15] . Dipole beams are equivalent to mixed-dipole waves [16] and can be seen as the sum of outgoing and incoming waves radiated from an electric and a magnetic dipole located at the focus with spinning axes on the focal plane. We will see that, although the helicity and the 
II. BEAM EXPANSION IN VECTOR SPHERICAL WAVEFUNCTIONS IN THE HELICITY REPRESENTATION
Let us assume that a monochromatic light beam (with an implicit time-varying harmonic component e −iωt ) propagates through an homogeneous medium with real refractive index n h with a wave number k = n h ω/c = 2πn h /λ 0 (being λ 0 the light wavelength in vacuum). To this end we will consider the expansion of the electric field, E, of the incident focused beam in vector spherical wavefunctions (VSWFs), Ψ σ lm , with well defined helicity, σ = ±1 [23] :
where Ψ σ lm is defined as
Here, M lm and N lm are Hansen's multipoles [24] , X lm denotes the vector spherical harmonic is given by
Let us recall that the multipoles Ψ σ lm can be built following the standard rules of angular momentum addition [24, 27] as simultaneous eigenvectors of the square of the total angular momentum, J 2 , and its z-component, J z , with J = L + ↔ S given by the sum of the OAM, L, and SAM,
whereê i=x,y,z indicate unitary Cartesian vectors and I is the unit dyadic.
The multipoles Ψ σ lm are then simultaneous eigenvectors of J 2 and J z [27] as well as of the helicity operator [22] Λ = (1/k)∇×, i.e. :
III. POYNTING VECTOR FOR PROPAGATING PURE MULTIPOLE BEAMS
In the helicity representation, the Poynting vector, P , for a monochromatic optical field, when calculated using either the electric or the magnetic field, separates into right-handed and left-handed contributions, with no cross-helicity contributions [28] :
where ↔ S is the spin tensor defined in Eq. (7) and
with Z = 1/( 0 n h c) = µ 0 / 0 h . This is an interesting result showing that for beams with well defined helicity σ, the z-component of the spin is simply proportional to the proyection of the Poynting vector on the propagation axis.
In the far-field, where
the Poynting vector for a pure multipole beam (PMB) (with l, m, σ) is given by
Integrating over all incoming angles (π/2 ≤ θ ≤ π), the total incoming power, P W , for a pure multipole beam is then given by
which, from the parity relation of the spherical harmonics and associated Legendre functions, is zero for l + m odd. This implies that the total amount of power that is carried by beams with l + m odd is identical to zero, even though they may present incoming and outgoing
Poynting vectors (notice that P W is the actual total power flowing through the focal plane).
We shall consider incoming beams whose far-field Poynting vector points towards (outwards) the focus for all incoming angles π/2 < θ ≤ π ( outgoing angles 0 ≤ θ < π/2 ), i.e. whose far-field Poynting vector only changes sign at θ = π/2: does not fulfil the propagating PMB criterium.
IV. SECTORAL MULTIPOLE BEAMS WITH WELL DEFINED HELICITY
Taking into account that
it can be shown that the electric field of a sectoral PMB (with total incoming power P W ) in spherical polar coordinates [E β with β = r, θ, ϕ] can be written as
with
In the spherical basisξ
this reads as
The behaviour near the z-axis, i.e. for θ π and θ 0,
shows that, for l > 1, the sectoral PMBs are vortex beams whose field vanishes on the propagation axis with a vortex topological charge of σ(l − 1). Figure 2a shows the Poynting vector lines of a sectoral quadrupolar beam (l = 2, m = 2, σ = +1) which present a "doughnut-like" field intensity pattern around the focus.
For pure dipolar beams with l = 1, the field given by Eq. (18) is identical to the first term of the expansion of a circularly polarized plane wave around the origin [1, 14] . The field at the focus, r = 0, given by
is circularly polarized on the focal plane. The ratio between the electric energy density at the focal point and the total incoming power is then given by
i.e. 2/3 of the Bassett upper bound. The field intensities and Poynting vector lines for a dipole beam are shown in Fig. 3 . As it can be seen the intensity is concentrated in a volume 
A. Dipolar beams and time-reversal of a Huygens's source
Dipole beams are equivalent to mixed-dipole waves [16] and can be seen as the sum of outgoing and incoming waves radiated from an electric dipole, p (σ) , and an equivalent mag-netic dipole, m (σ) , located at the focus. These electric and magnetic point sources are known as Huygens' sources and their direct, outgoing, emission present a peculiar asymmetric distribution of the radiation pattern [16, 30, 31] . As we show in the Appendix B, the field of a dipole beam ( Eq. (18) with l = 1) can be rewritten as
where G ee (r) is the outgoing dyadic Green function,
Interestingly, for an incoming beam with helicity σ, Eq. (26) is exactly the time-reversed electric field radiated by the Huygens' source (with helicity −σ) as it would be obtained in a time-reversal mirror cavity [32] .
V. LINEARLY POLARIZED DIPOLAR BEAMS
Focused linearly polarized dipolar beams can be built by combining two well-defined helicity beams with opposite signs from Eq.(18), i.e.
The field at the focus is linearly polarized on the focal plane
The Poynting vector, obtained by inserting Eq.(A1) into Eq. (12) including both helicities in the summation, present the characteristic toroidal flow around the focus but, as expected, the intensity pattern at the focal plane is not longer axially symmetric (see Fig. 4 ). angular momentum, we may define its (constant) density as
where we have introduced l z and s z as the OAM and SAM densities, respectively (although L z and S z are not proper angular-momentum operators [33] ). For fields with well defined helicity σ, the z component of the SAM can be calculated from the projection of the Poynting vector on the beam axis, i.e. from Eqs. (12) and (A1), or, alternatively, taking into account that the vectors ξ µ are eigenfunctions of S z with eigenvalue µ: Figure 5 illustrates the non-trivial behaviour of the SAM for a dipole beam (σ = +1) on two perpendicular planes in the focal volume. As shown in Fig 5a, the spin changes sign inside the torus defined by the Poynting vector lines (which is simply due to the change of sign of the z-component of the Poynting vector in the torus). In these (blue) regions, the z-component of the OAM l z is larger than the z-component of the total momentum l = 1 (since l z = l − s z ). This is often referred to in the literature as the super-momentum regime [34] [35] [36] . 
VII. CONCLUDING REMARKS
Pure multipolar beams are exact analytical solutions of Maxwells equations with well defined angular momentum properties that can be extremely useful to understand and model different phenomena associated to light-matter interactions under strongly focused beams without requiring sophisticated and cumbersome numerical calculations. We have shown that dipole beams could be generated by time-reversal techniques [32] as the time reversal of a Huygens' source. The steady-state toroidal Poynting vector flow in focused beams, which was already demonstrated experimentally and explained with approximated beam models [29] , appears here in a natural way in the exact analytical solution for the dipole beam. The peculiar distribution of the SAM and OAM around the focus could lead to some interesting angular momentum transfer phenomena to small asymmetric and/or absorbing particles trapped by circularly polarized highly focused beams [37] . Higher sectoral multipole vortex beams, with well-defined total angular momentum and its projection on the propagation axis could also be useful to understand scattering and AM phenomena in vortex beams [38] . The peculiar properties of the fields in the focus of highly focused beams may also be relevant to understand the light-induced emergence of cooperative phenomena in colloidal suspensions of nanoparticles [39, 40] . 
In spherical polar coordinates, 
It is easy to show that
Im {G ee (r)} p (σ) + k 2 ZIm {G em (r)} m
Im {G ee (r)} p (−σ) * + k 2 ZIm {G em (r)} m (−σ) * ,
which corresponds to Eq. (26) and the extension of Eq. (8) of Carminati et al. [32] for electric and magnetic sources.
